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Abstract
We introduce a BCS-like theory for the quartet correlations induced by the isovector pairing interaction. It is based on a coherent
state of BCS type and, unlike usual mean field approaches, it displays a vanishing pair anomalous density 〈c†c†〉 = 0. We find good
agreement between our theory and the exact results. We discuss how the pairing and quarteting correlations share some similar
qualitative features within the BCS approach. However, there is no sharp quarteting phase transition. We also present various ways
in which our theory may be further developed.
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Introduction. The advances in the experimental techniques
of the last three decades have opened up new possibilities to
investigate the nature of the nuclear interactions at the N = Z
line. The significant overlap between neutron and proton or-
bitals in this region allows the the existence of proton-neutron
(pn) pairing, which is suppressed away from N = Z.
Already in the first theoretical approach to pn pairing dating
six decades ago, Belyaev, Zacharev and Soloviev [1] realized
that “one must take into consideration the quadruple correla-
tion of α particle-like nucleons in addition to pair correlations”
[1]. Subsequent works proposed various ways to incorporate
these quartet correlations into a functioning theory, e.g. those
of Flowers and Vujicˇic´ [2] and of Bre´mond and Valatin [3].
More recently, Civitarese, Reboiro and Vogel [4] concluded that
“an isospin-symmetric Hamiltonian, treated with the general-
ized Bogolyubov transformation, fails to describe the ground
state properties correctly”. This transformation naturally diag-
onalizes the Hamiltonian in the mean field approximation, i.e.
upon the replacement of some operators associated with large
matrix elements by their expectation value. In our case, the
monopole pair operators P† are replaced by the pairing anoma-
lous density P† → 〈P†〉. The existence of only pair condensates
in the case of pn pairing should thus be carefully considered.
Nevertheless, the standard mean field approach to pairing in
N = Z nuclei has been for many years the generalized Hartree-
Fock-Bogoliubov approximation [5], where all types of Cooper
pairs are treated in a unified manner. In the last decade, the
particle number and isospin conserving Quartet Condensation
Model (QCM) was proposed for the study of isovector pairing
and quarteting correlations in N = Z nuclei [6, 7]. It was fur-
ther developed in Refs. [8, 9, 10, 11, 12, 13] to the case of
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isoscalar pairing and N > Z nuclei. General microscopic quar-
tet models for a shell-model basis with an effective Hamiltonian
were also recently proposed [14, 15, 16, 17, 18, 19]. In these
approaches, the basic building blocks are not the Cooper pairs
anymore, but four-body structures composed of two neutrons
and two protons coupled to the isospin T = 0 and to the angular
momentum J = 0, denoted ”α-like quartets”. Interesting con-
nections between the symmetry restricted pair condensate and
the quartet descriptions have very recently been uncovered [20].
However, as to this day, “no symmetry-unrestricted mean-field
calculations of pn pairing, based on realistic effective interac-
tion and the isospin conserving formalism have been carried
out” [20, 21].
In this work, we take a step along this direction. We construct
a solvable BCS-like theory of quartet correlations without as-
suming any mean field approximation, but only a coherent state
ansatz of BCS type involving the isoscalar quartet operator. At
variance with the quartet BCS theory of Schuck et al [22], solv-
ing our simpler model requires no approximation.
Formalism. The system of interest consists of a number
N = Z of neutrons and protons moving outside a self-conjugate
inert core, and interacting through a charge-independentpairing
force. The isovector pairing Hamiltonian is suitable to describe
both spherical and deformed nuclei,
H =
Nlev∑
i=1
ǫiNi,0 +
∑
τ=0,±1
Nlev∑
i, j=1
Vi jP
†
i,τP j,τ , (1)
where i, j denote the single particle doubly-degenerate states
and ǫi refers to the single particle energies; a time con-
jugated state will be denoted by i¯. The Ni,0 operator
counts the total number of particles, Ni,0 = Ni,1 + Ni,−1 =∑
τ=ν,π
(
c
†
i,τci,τ + c
†
i¯,τ
ci¯,τ
)
, and the isovector triplet of pair op-
erators is given by P
†
i,1
= c
†
i,νc
†
i¯,ν
, P†
i,−1 = c
†
i,πc
†
i¯,π
, P†
i,0
=
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1√
2
(
c
†
i,νc
†
i¯,π
+ c
†
i,πc
†
i¯,ν
)
.
An almost exact solution for the Hamiltonian (1) may be ob-
tained within the QCM. The formulation of this model is based
on correlated four-particle structures known as “quartets”. To
obtain a quartet, one first defines a set of collective ππ, νν and
πν Cooper pairs Γ†τ(x) ≡
∑Nlev
i=1
xiP
†
i,τ, which depend on a set of
mixing amplitudes xi, i = 1, 2, ...,Nlev. A collective quartet op-
erator is then constructed by coupling two collective pairs to the
total isospin T = 0,
Q†(x) ≡
[
Γ†Γ†
]T=0
S=0
≡ 2Γ†
1
(x)Γ
†
−1(x) −
[
Γ
†
0
(x)
]2
. (2)
For N = Z nuclei, the ground state of the Hamiltonian (1) is
taken to be a “condensate” of such α-like quartets, |Ψ(x)〉 =[
Q†(x)
]nq |0〉, where nq is the number of quartets. The con-
cept of a “condensate” denotes here the state obtained by act-
ing with the same operator a number of times on the vacuum.
It should not be confused with an ideal boson-type conden-
sate. The model is solved by determining numerically the
mixing amplitudes xi upon the minimization of the Hamilto-
nian expectation value subject to the unit norm constraint, i.e.
δ〈Ψ(x)|H|Ψ(x)〉 = 0, 〈Ψ(x)|Ψ(x)〉 = 1.
The quartet state has, by construction, a well defined particle
number and isospin. As such, it may be well suited to precisely
describe various nuclear properties that are sensitive to the fluc-
tuations of these quantum numbers. However, the presence of
a condensate is not guaranteed in a particle number conserv-
ing theory (which always has a nontrivial solution). With this
motivation, we look for a BCS-like formulation of quartet cor-
relations which may provide more insight into the quartet con-
densation phenomenon.
In analogy with the standard BCS case, we consider a coher-
ent state involving the quartet operator
|QBCS 〉 ≡ exp(Q†)|0〉 =
Nlev∑
n=0
1
n!
(Q†)n|0〉 . (3)
Despite of the formal similarity with the standard BCS theory,
this ansatz is considerably more complicated. To see this, con-
sider a simple BCS state for like-particles, e.g. neutrons
|BCS 〉 ≡ exp(Γ†
1
)|0〉 = exp(
Nlev∑
i=1
xiP
†
i,1
)|0〉
=
Nlev∏
i=1
(1 + xiP
†
i,1
)|0〉 .
(4)
The BCS state can be factorized as the exponent contains a sin-
gle sum over the single particle states. In the quartet case how-
ever, the exponent is expanded as Q† =
∑Nlev
i, j=1
xix j(2P
†
i,1
P
†
j,−1 −
P
†
i,0
P
†
j,0
). It is a highly entangled mixture of all single parti-
cle states which hinders a direct factorization. To develop a
tractable BCS-like theory for quartets, we need a linearization
procedure for the exponent.
We achieve this by first writing the coherent quartet as a
quadratic form. Consider the rotated pair operators defined
as p
†
j,1
= (P
†
j,1
+ P
†
j,−1)/
√
2, p
†
j,2
= i(P
†
j,1
− P†
j,−1)/
√
2 and
p
†
j,3
= iP
†
j,0
. The corresponding coherent pairs are defined
by γ†a =
∑Nlev
j=1
x jp
†
j,a
. The coherent quartet becomes Q† =
(γ†
1
)2 + (γ†
2
)2 + (γ†
3
)2. At this stage, the quartet-BCS state may
be factorized as |QBCS 〉 =∏3a=1 exp[(γ†a)2]|0〉.
To proceed, we linearize the exponent in each of the three
factors by using the following property of Gaussian integration
(see standard textbooks, e.g. [29])
exp(A2) =
1√
4π
∫ +∞
−∞
dz exp(−z2/4 + zA) . (5)
and we write the QBCS state as
|QBCS 〉 = 1
(4π)3/2
∫
d3z exp
(
−~z 2/4 + ~z · ~γ†
)
|0〉 , (6)
with ~z = (z1, z2, z3) ∈ R3 and ~γ = (γ1, γ2, γ3). In this form,
the exponent is a simple linear combination of single particle
operators, ~z ·~γ† = ∑Nlev
i=1
xi~z · ~p †i , which may be factorized just as
in the BCS case
|QBCS 〉 = 1
(4π)3/2
∫
d3z exp
(
−~z 2/4
)
×
Nlev∏
i=1
(1 + xi~z · ~p †i + x2i~z 2q†i /2)|0〉 ,
(7)
where we took into account that at most second order terms are
generated in each factor; they involve the quartet operator that
fills completely the level i, q
†
i
= (p
†
i,a
)2 = c
†
i,π
c
†
i¯,π
c
†
i,ν
c
†
i¯,ν
.
Let us note that while the QBCS state violates particle num-
ber conservation, it still has a good isospin T = 0. As such, the
integral appearing in Eq. (7) may be interpreted as an isospin
projection operation acting on a generalized Bre´mond-Valatin
factorized state |ψ(z, zˆ)〉 = ∏Nlev
i=1
(1 + xizzˆ · ~p †i + x2i z 2q†i /2)|0〉
(see Ref. [3]). Here, at variance with the original Bre´mond-
Valatin ansatz, the isovector pair may be oriented along any
direction zˆ in isospin space. Moreover, the Gaussian integra-
tion has the crucial role of performing configuration mixing on
the Bre´mond-Valatin factorized ansatz (which by itself misses
most of the relevant correlations). As such, the QBCS state is a
superposition of all possible factorized states, each having the
relative amplitude of finding a pair on the level i proportional
to xi, and that of finding a quartet to x
2
i . Note that, while the
factorized Bre´mond-Valatin may be treated by a quasi-particle
transformation, the integration necessary to obtain the QBCS
state completely destroys the quasi-particle picture.
As a first step, in the present work we limit ourselves
to assessing the consequences of breaking only the parti-
cle number conservation; we leave the breaking of isospin
conservation to future investigations. We compute the
ground state correlations within the QBCS model by min-
imizing the expectation value of H(x) = 〈QBCS |H −
λN0|QBCS 〉/〈QBCS |QBCS 〉 subject to the particle number
constraint 〈QBCS |N0|QBCS 〉/〈QBCS |QBCS 〉 = 4nq, where
nq is the number of quartets, nq = (N + Z)/4. The expressions
2
of the norm and of the various operator averages on the QBCS
state as functions of the mixing amplitudes may easily be ex-
tracted from Eq. (7). Here, for illustrative purposes we just
compare the QBCS and BCS norm functions in the simplest
case of Nlev = 2; for the QBCS we obtain 〈QBCS |QBCS 〉 =
225x4
1
x4
2
+ 12x2
1
x2
2
+ 9x4
1
+ 9x4
2
+ 1, while the BCS norm is just
〈BCS |BCS 〉 = x2
1
x2
2
+ x2
1
+ x2
2
+ 1. While the BCS norm may be
factorized as 〈BCS |BCS 〉 = (1 + x2
1
)(1 + x2
2
), the QBCS norm
does not admit any factorization.
A similar behaviour is valid for the other relevant quantities
of the theory, which are given by more complicated expression
in the QBCS case than in the standard BCS (see the general
expressions given in the Supplementary Material).
Numerical results. We test our formalism against the well
established QCM in the nuclei above 100Sn and above 16O.
We consider the same model spaces and interactions as in
Refs. [6, 8], namely the spherical spectrum ǫ2d5/2 = 0.0MeV,
ǫ1g7/2 = 0.2MeV, ǫ2d3/2 = 1.5MeV, ǫ3s1/2 = 2.8MeV together
with the effective Bonn A potential of Ref. [23] for the sdg shell
and the spectrum ǫ1d5/2 = −3.926MeV, ǫ2s1/2 = −3.208MeV,
ǫ1d3/2 = 2.112MeV together with the USDB interaction of Ref.
[24] for the sd shell. We solve the QCM model using the ana-
lytical method of Refs. [25, 26].
We show in Fig. (1) the results for the correlations energies
defined as Ec = E0 − E, where E is the energy of the ground
state and E0 is the energy calculated without taking into account
the isovector pairing interaction. In both cases, we observe a
good agreement between the QBCS and the particle number
conserving QCM (note that, at variance with the particle num-
ber projected BCS, the QCM offers practically the exact so-
lution, within 1% error). The relative error ∆Ec/Ec generally
decreases with the increase of the number of quartets, reach-
ing O(1%) around nq = 10. The only exception is the case with
nq = 7 quartets above
100Sn, where the closure of the 2d5/21g7/2
subshell leads to a local minimum in the correlation energy and
a local maximum in the energy relative error.
A very good agreement is obtained also for the average level
occupancies, shown in Fig. (2) for the nuclei at shell half-
filling. In Fig. (3), the relative particle number fluctuation
∆N/N =
√
〈N2〉 − N2/N is shown to decrease with the increase
of the number of quartets, much more rapidly than the 1/
√
N
rate specific to standard pairing: in both regions the best fit in-
dicates that ∆N/N ∼ 1/N.
Although formally very similar, the QCM description of the
isovector pairing correlations is much more precise than the
particle number projected BCS description for the standard
pairing case. As seen above, this remains true also for the co-
herent state model, where the energy errors are smaller and the
particle number fluctuations decrease faster for the QBCS than
for the standard BCS.
This is naturally related to the fact that the QBCS coherent
state has components with the particle number a multiple of
four, as opposed to two for the standard BCS. We thus expect
the component of the coherent state having the correct number
of particles to dominate in the quarteting case more strongly
than in the standard pairing case, behaviour to be investigated
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Figure 1: Correlation energies Ec in MeV versus the number of quartets nq ,
for the 16O core (a) and for the 100Sn core (b), together with the relative error
∆Ec/Ec = 1 − Ec,QBCS/Ec,QCM .
quantitatively in future works.
Another consequence of the particular structure of the QBCS
state is the absence of the anomalous pair density in our theory,
〈P〉 = 0. As an indicator of the four body correlations, we
choose to study the quartet anomalous density
〈Q〉 = 〈QBCS |Q(xi = 1)|QBCS 〉 , (8)
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Figure 2: Average level occupations 〈ni〉 = 〈Ni,0〉/2(2 ji+1), versus the spherical
state , for the 16O core (a) and for the 100Sn core (b).
defined in analogy to the quantity appearing in the standard
pairing case, 〈BCS |Γ1(xi = 1)|BCS 〉, related to the pairing gap.
Similarly to the standard pairing case, the quartet anomalous
density exhibits minima at the open and closed shell configu-
rations and a maximum around shell half-filling, as seen from
Fig. (4).
Thus far, the pairing and quarteting correlation treated within
the BCS and, respectively, QBCS formalisms appear to show
quite similar manifestations. The main difference arises when
considering the response of the quartet correlations to a varying
interaction strength. It is well known that the standard BCS has
a nontrivial solution only for interaction strengths greater than
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Figure 3: The relative particle number fluctuation versus the number of quar-
tets nq, for the
16O core and for the 100Sn core.
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Figure 4: The quartet anomalous density versus the number of quartets nq, for
the 16O core and for the 100Sn core.
a critical value dependent on the model space.
In the QBCS case we observe no evidence of a sharp tran-
sition from a quarteting to a normal phase as we decrease the
interaction strength. As seen from Fig. 5, when scaling the in-
teraction matrix elements by a factor κ ∈ [0, 1] the correlation
energy varies smoothly, with no jumps of its derivative. Instead,
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Figure 5: The correlation energy and its derivative versus the interaction
strenght scaling factor κ, for the nuclei 28Si and 120Nd.
there is a relatively narrow interval towards small values of the
scaling factor κ where the derivative experiences a more pro-
nounced variation. This behaviour of the QBCS (which does
not conserve the particle number) is exhibited also by the num-
ber projected BCS theory. We conclude that the restoration of
the isospin symmetry is enough to smoothen the transition from
the quarteting to the normal phase.
Conclusions. We proposed a BCS-like theory for pure quar-
tet correlations based on a quartet coherent state analogous to
the famous |BCS 〉 state. Our ansatz is unique as it does not
contain any pairing anomalous density 〈P〉 (as opposed to usual
mean field treatments for pn pairing), but instead one of quartet
type 〈Q〉. We evidenced that the standard pairing and quartet-
ing correlations share similar qualitative features, but there is
no sharp quarteting transition. Additionally, we uncovered new
connections between the quartet models and some of the early
BCS-like attempts to pn pairing.
The proposed QBCS theory is flexible and there are numer-
ous ways in which it may be easily expanded. Firstly, in order
to incorporate the interplay of pairing and quarteting effects, a
generalized ansatz exhibiting also a pair condenstate may be
considered in the form
|(P&Q)BCS 〉 = exp[nˆ · ~Γ†(y) + Q†(x)]|0〉, (9)
involving an additional coherent isovector pair oriented along a
general direction nˆ in isospin space. On the other hand, the
pure quartet correlations induced by the combined isovector
and isoscalar interactions may be treated with the ansatz
|QBCS (iv + is)〉 = exp(Q†
iv
(x) + Q
†
is
(y))|0〉, (10)
where Qiv is the quartet considered in this work (built from two
isovector pairs) while Qis is the quartet operator built from two
isoscalar pairs.
The excited states of the isovector pairing hamiltonian within
the QBCS framweork may be computed in several ways, to be
analyzed in detail in future works. Although a quasiparticle pic-
ture would be preferred, recent results also indicate that it may
be inappropriate for quartet correlations [27]. Nevertheless, an
approximate quasiparticle description may be obtained within
a boson formalism along the lines of Ref. [28]. Note that, in
deriving the expressions for the averages of the various opera-
tors on the QBCS states starting from Eq. (7), one may as well
treat the pair operators pi as bosons and still obtain the exact
fermionic results.
Let us note that, just like the BCS equations are simpler than
those of the particle number projected BCS, the QBCS equa-
tions present a reduced degree of complexity relative to the
QCM ones. While we had to use the simpler hole picture (see
Ref. [25]) to solve the QCM equations for a large number of
quartets (nq = 7, 8, 9), the QBCS solution was obtained dire-
cly in all cases. As such, the QBCS approach may be used as a
simplified approximate framework for the description of quartet
correlation; also, it could be used to stabilize the complex non-
linear minimization procedure of the particle number projected
QCM, especially for a significant number of quartets.
Lastly, let us remark that the coherent quartet ansatz of Eq.
(2) is still rather restrictive. More generally, one should con-
sider the case of non-separable mixing coefficients, i.e. Q† =∑Nlev
i, j=1
Xi j(2P
†
i,1
P
†
j,−1 − P†i,0P†j,0) with Xi j , xix j.This more com-
plex case may also be treated by taking advantage of the prop-
erties of Gaussian integration. In this case we obtain
|QBCS 〉 = exp(Q†)|0〉 = exp(
∑
i, j
~piXi j~p j)|0〉
=
∫
d3Nlevz exp
−
∑
i, j
~zi(X
−1)i j~z j
 ×
Nlev∏
i=1
(1 + ~zi · ~p †i + ~z 2q†i /2)|0〉 ,
(11)
where a scalar product is understood in all expressions involv-
ing two vectors. The norm and the averages of the various op-
erators on the QBCS state may be automatically computed as
Wick contractions of various Xi j’s by using the Wick theorem
for multidimensional Gaussian integrals [29].
Acknowledgements. We thank F. Spineanu, M. Vlad, P.
Schuck and J. Dukelsky for valuable discussions and obser-
vations. This work was supported by the grants of the Ro-
manian Ministry of Research and Innovation, CNCS - UE-
FISCDI, PN- III-P4-ID-PCE-2016-0092, PN-III-P4-ID-PCE-
2016-0792, within PNCDI III, and PN-19060101/2019.
References
[1] B. N. Belyaev, V. B. Zacharev, V. G. Solovev, Superfluidity of light nuclei,
J. Exptl. Theoret. Phys. 38 (1960) 952.
[2] B. Flowers, M. Vujii, Charge-independent pairing correlations,
Nuclear Physics 49 (1963) 586 – 604.
5
doi:https://doi.org/10.1016/0029-5582(63)90123-8 .
URL http://www.sciencedirect.com/science/article/pii/0029558263901238
[3] B. Brmond, J. Valatin, A method to describe pairing correlations of protons and neutrons,
Nuclear Physics 41 (1963) 640 – 659.
doi:https://doi.org/10.1016/0029-5582(63)90543-1 .
URL http://www.sciencedirect.com/science/article/pii/0029558263905431
[4] O. Civitarese, M. Reboiro, P. Vogel,
Neutron-proton pairing in the bcs approach, Phys. Rev. C 56 (1997)
1840–1843. doi:10.1103/PhysRevC.56.1840 .
URL https://link.aps.org/doi/10.1103/PhysRevC.56.1840
[5] A. L. Goodman, Proton-neutron pairing in Z = N nuclei with A = 76 − 96,
Phys. Rev. C 60 (1999) 014311. doi:10.1103/PhysRevC.60.014311 .
URL https://link.aps.org/doi/10.1103/PhysRevC.60.014311
[6] N. Sandulescu, D. Negrea, J. Dukelsky, C. W. Johnson,
Quartet condensation and isovector pairing correlations in N = Z nuclei,
Phys. Rev. C 85 (2012) 061303. doi:10.1103/PhysRevC.85.061303 .
URL https://link.aps.org/doi/10.1103/PhysRevC.85.061303
[7] D. Negrea, Proton-neutron correlations in atomic nuclei, Ph.D. thesis,
University of Bucharest and University Paris-Sud.
URL https://tel.archives-ouvertes.fr/tel-00870588/document
[8] N. Sandulescu, D. Negrea, C. W. Johnson,
Four-nucleon α-type correlations and proton-neutron pairing away from the N = Z line,
Phys. Rev. C 86 (2012) 041302. doi:10.1103/PhysRevC.86.041302 .
URL https://link.aps.org/doi/10.1103/PhysRevC.86.041302
[9] D. Negrea, N. Sandulescu, Isovector proton-neutron pairing and Wigner energy in Hartree-Fock mean field calculations,
Phys. Rev. C 90 (2014) 024322. doi:10.1103/PhysRevC.90.024322 .
URL https://link.aps.org/doi/10.1103/PhysRevC.90.024322
[10] N. Sandulescu, D. Negrea, J. Dukelsky, C. W. Johnson,
Proton-neutron pairing and alpha-type quartet condensation in nuclei,
Journal of Physics: Conference Series 533 (2014) 012018.
doi:10.1088/1742-6596/533/1/012018 .
URL https://doi.org/10.1088%2F1742-6596%2F533%2F1%2F012018
[11] N. Sandulescu, D. Negrea, D. Gambacurta,
Protonneutron pairing in N=Z nuclei: Quartetting versus pair condensation,
Physics Letters B 751 (2015) 348 – 351.
doi:https://doi.org/10.1016/j.physletb.2015.10.063 .
URL http://www.sciencedirect.com/science/article/pii/S0370269315008229
[12] D. Negrea, N. Sandulescu, D. Gambacurta,
Isovector and isoscalar pairing in oddodd N = Z nuclei within a quartet approach,
Progress of Theoretical and Experimental Physics 2017 (7), 073D05.
arXiv:http://oup.prod.sis.lan/ptep/article-pdf/2017/7/073D05/19375624/ptx071.pdf ,
doi:10.1093/ptep/ptx071 .
URL https://doi.org/10.1093/ptep/ptx071
[13] D. Negrea, P. Buganu, D. Gambacurta, N. Sandulescu,
Isovector and isoscalar proton-neutron pairing in N > Z nuclei, Phys.
Rev. C 98 (2018) 064319. doi:10.1103/PhysRevC.98.064319 .
URL https://link.aps.org/doi/10.1103/PhysRevC.98.064319
[14] G. J. Fu, Y. Lei, Y. M. Zhao, S. Pittel, A. Arima,
Nucleon-pair approximation of the shell model with isospin symmetry,
Phys. Rev. C 87 (2013) 044310. doi:10.1103/PhysRevC.87.044310 .
URL https://link.aps.org/doi/10.1103/PhysRevC.87.044310
[15] G. J. Fu, Y. M. Zhao, A. Arima, Quartet structure in atomic nuclei, Phys.
Rev. C 91 (2015) 054318. doi:10.1103/PhysRevC.91.054318 .
URL https://link.aps.org/doi/10.1103/PhysRevC.91.054318
[16] M. Sambataro, N. Sandulescu, Four-Body Correlations in Nuclei,
Phys. Rev. Lett. 115 (2015) 112501.
doi:10.1103/PhysRevLett.115.112501 .
URL https://link.aps.org/doi/10.1103/PhysRevLett.115.112501
[17] M. Sambataro, N. Sandulescu, Quarteting and spin-aligned proton-neutron pairs in heavy N = Z nuclei,
Phys. Rev. C 91 (2015) 064318. doi:10.1103/PhysRevC.91.064318 .
URL https://link.aps.org/doi/10.1103/PhysRevC.91.064318
[18] M. Sambataro, N. Sandulescu, Quartetting in oddodd self-conjugate nuclei,
Physics Letters B 763 (2016) 151 – 154.
doi:https://doi.org/10.1016/j.physletb.2016.10.039 .
URL http://www.sciencedirect.com/science/article/pii/S0370269316306104
[19] M. Sambataro, N. Sandulescu, Quartet correlations in N = Z nuclei induced by realistic two-body interactions,
The European Physical Journal A 53 (3) (2017) 47.
doi:10.1140/epja/i2017-12240-7 .
URL https://doi.org/10.1140/epja/i2017-12240-7
[20] A. Romero, J. Dobaczewski, A. Pastore,
Symmetry restoration in the mean-field description of proton-neutron pairing,
Physics Letters B 795 (2019) 177 – 182.
doi:https://doi.org/10.1016/j.physletb.2019.06.032 .
URL http://www.sciencedirect.com/science/article/pii/S0370269319304113
[21] E. Perlin´ska, S. G. Rohozin´ski, J. Dobaczewski, W. Nazarewicz,
Local density approximation for proton-neutron pairing correlations: Formalism,
Phys. Rev. C 69 (2004) 014316. doi:10.1103/PhysRevC.69.014316 .
URL https://link.aps.org/doi/10.1103/PhysRevC.69.014316
[22] P. Schuck, Y. Funaki, H. Horiuchi, G. Rpke, A. Tohsaki, T. Ya-
mada, Alpha particle clusters and their condensation in nuclear systems,
Physica Scripta 91 (12) (2016) 123001.
doi:10.1088/0031-8949/91/12/123001 .
URL https://doi.org/10.1088%2F0031-8949%2F91%2F12%2F123001
[23] M. Hjorth-Jensen, T. T. Kuo, E. Osnes,
Realistic effective interactions for nuclear systems,
Physics Reports 261 (3) (1995) 125 – 270.
doi:https://doi.org/10.1016/0370-1573(95)00012-6 .
URL http://www.sciencedirect.com/science/article/pii/0370157395000126
[24] B. A. Brown, W. A. Richter, New “USD” Hamiltonians for the sd shell,
Phys. Rev. C 74 (2006) 034315. doi:10.1103/PhysRevC.74.034315 .
URL https://link.aps.org/doi/10.1103/PhysRevC.74.034315
[25] V. V. Baran, D. S. Delion, Analytical approach for the quartet condensation model,
Phys. Rev. C 99 (2019) 031303. doi:10.1103/PhysRevC.99.031303 .
URL https://link.aps.org/doi/10.1103/PhysRevC.99.031303
[26] V. V. Baran, D. S. Delion, Disentangling the pair and quartet condensates,
arXiv 1905.06639.
URL https://arxiv.org/abs/1905.06639
[27] T. Sogo, G. Ro¨pke, P. Schuck, Many-body approach for quartet condensation in strong coupling,
Phys. Rev. C 81 (2010) 064310. doi:10.1103/PhysRevC.81.064310 .
URL https://link.aps.org/doi/10.1103/PhysRevC.81.064310
[28] D. S. Delion, G. G. Dussel, R. J. Liotta, Towards a microscopic descrip-
tion of an α-condensate in nuclei, Rom. J. Phys. 47 (2002) 97.
[29] A. Zee, Quantum Field Theory in a Nutshell, Princeton University Press,
2010, chapter I.2, Appendix 2.
6
Supplementary Material
We present here some computational details regarding the
general expressions of the norm and various operator averages
in the QBCS theory.
The norm of the QBCS state may be written as a double in-
tegral
〈QBCS |QBCS 〉 = 1
(4π)3
∫
d3w d3z exp
(
−~z 2/4 − ~w 2/4
)
×
Nlev∏
i=1
〈0[1 + xi~w · ~pi + x2i ~w 2q†i /2][1 + xi~z · ~p†i + x2i~z 2q†i /2]|0〉
=
1
(4π)3
∫
d3w d3z exp
(
−~z 2/4 − ~w 2/4
)
×
Nlev∏
i=1
(1 + x2i
3∑
a,b=1
wazb〈0|pi,ap†i,b|0〉 + x4i ~w 2~z 2〈0|qiq†i |0〉/4)
=
1
(4π)3
∫
d3w d3z exp
(
−~z 2/4 − ~w 2/4
)
×
Nlev∏
i=1
(1 + x2i ~w · ~z + x4i ~w 2~z 2/4) .
(12)
The integration may be trivialized by passing to spherical co-
ordinates,
〈QBCS |QBCS 〉
=
1
8π
∫ ∞
0
dw w2 exp
(
−w2/4
) ∫ ∞
0
dz z2 exp
(
−z2/4
)
×
∫ 1
−1
d(cos θ)
Nlev∏
i=1
(1 + x2i wz cos θ + x
4
i w
2z2/4) .
(13)
Using the well known properties of Gaussian integration, this
expression (and those presented below) may be easily evaluated
for any number of levels. The single particle term reads
〈QBCS |N0,k|QBCS 〉
=
1
(4π)3
∫
d3w d3z exp
(
−~z 2/4 − ~w 2/4
)
×
(2x2k ~w · ~z + x4k ~w 2~z 2)
∏
i,k
(1 + x2i ~w · ~z + x4i ~w 2~z 2/4) ,
(14)
The interaction term is decomposed into diagonal and nondi-
agonal parts,
Hint =
Nlev∑
i, j=1
Vi j
3∑
a=1
p
†
i,ap j,a =
Nlev∑
i=1
Vii
3∑
a=1
p
†
i,api,a+
∑
i, j
Vi j
3∑
a=1
p
†
i,ap j,a .
(15)
The diagonal part is
〈QBCS |
∑
k
Vkk
3∑
a=1
p
†
k,a
pk,a|QBCS 〉
=
1
(4π)3
∫
d3wd3z exp
(
−~z 2/4 − ~w 2/4
)
×
Nlev∑
k=1
Vkk(x
2
k ~w · ~z + 3x4k ~w 2~z 2/4)
∏
i,k
(1 + x2i ~w · ~z + x4i ~w 2~z 2/4)
(16)
The non-diagonal part is
〈QBCS |
∑
k,l
Vkl
3∑
a=1
p
†
k,a
pl,a|QBCS 〉
=
1
(4π)3
∫
d3wd3z exp
(
−~z 2/4 − ~w 2/4
)
×
∑
k,l
Vkl[xkxl(1 + x
2
k x
2
l w
2z2/4)~w · ~z + xkxl(x2k + x2l )z2w2/2]×
∏
i,k,l
(1 + x2i ~w · ~z + x4i ~w 2~z 2/4)
(17)
Similar expressions may be easily obtained for the quartet
anomalous density and for the square of the total particle num-
ber operator.
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